Formulae ( Pairs of Straight Line)

1. The homogeneous equation of second degree ax? + 2 hxy + by? =0, (h® > ab) represents a pair of straight
lines passing through the origin. A second degree equation S=0in X, y represents a pair of lines if S is resolvable as
a product of two linear factors with real coefficients.

2. a) nthe equation ax® + 2 hxy + by? =0
i) if h® > ab, then the two lines are real and distinct and pass through the origin.
i) if h 2 = ab, then the two lines are coincident.
b) If the separate equation of the pair of lines ax? + 2hxy + by? =0 are L x+m,y=0

Lx+m,y=0then |, |, =a,I, m, + I,m, =2hand m,m, =b. a+h

w

An angle @ between the pair of lines ax® + 2hxy + by? =0is givenb cos 6 = (a b)2 TR tan @ =

2+h? —ab

a+b
. = ab then the two lines given ny ax + xy+ y =0 are parallel an ence coincident. enax  +
4. 1fh? = abthen th l iven by ax? + 2h by? =0 llel and h incident. Th 2

2hxy + by? + 0 is a perfect square.

5. Ifa+b =0, the two lines will be perpendicular.

6. The equation of the pair of bisectors of angles between the pair of lines ax? + 2hxy + by?
2 2
—0is =Y = X o h(x?-y?)=(a=b)xy
a-b h

7. Two pairs of lines are said to be equally inclined to each other if they possess the same pair of angle bisectors.

8. The equation to the pair of lines through the origin and perpendicular to the pair of lines ax® + 2hxy + by =0
isax® - 2hxy + by? = 0.
9. The equation to the pair of lines through («, £ ) and perpendicular to the pair of lines ax’ +2hxy +by? =0isb

(x-a)® -2h(x-a)(y-g)+a(y- )" =0

10. The equation to pair of lines through the origin and forming an equilateral triangle with the line ax + by + c =0 is
given by (ax + by)? - 3 (ay —bx)? = 0.

11. The area of thezequilateral triangle formed by the line ax + by + ¢ = 0 with the pair of lines (ax + by) 2.3 (ay-
bx)* =0is ——=———=sq. units.
(@2 +b*)/3
12. a) The area of the triangle formed by ax? + 2hxy + by’ =0and Ix + my+n=0is given by
n?.h?—ab
am?® —2hlm +bl?
b) Let ax® + 2hxy + by? =0 be two sides of a parallelogram and px + qy = 1 be one




diagonal. Then the equation to the other diagonal is y (bp — hq) = x (ag — hp).

2 2
13. The product of the perpendicular from (& , £) to the pair of lines ax’ +2hxy +by? 0 is ao + 2h02(ﬂ+ b'f
J(@-b)* +4h

14. a)lfy=m, x andy=m,x are the lines given by the equation ax* + 2hxy + by* = 0 then

m,+m, = Th andm m, = alb.
b) The slopes of the lines are the roots of the quadratic equation bm? +2hm +a =0
c) If y=mxis a line of the pair ax? + 2hxy + by? =0, then bm? + 2hm +a = 0.
d) The slopes of one line is A times the other then4Ah? =ab (1 + 1)°.
15. If (x, y) is the centroid of the triangle formed by ax? + 2hxy + by? =0and Ix +my=1
X y 2

then = =
bl—hm  am-hl 3(bl? — 2hlm + am?)

16. a) The orthocenter of the triangle formed by the lines ax® + 2hxy + by? = 0 and

-n
Ix +mx+n=0is(A1|,Am)where 4 = 5 (a+b) 5
am* —2hlm + bl ) 12 _m? b
b) Thelines ax® + 2hxy + by? =0and |x +mx + n =0 form an isosceles triangle is I_m = a; .
m

c) If (c, d) is the orthocenter of the triangle whose two sides are the pair of lines ax? + 2hxy + by? =0, then
the equation to the third side is (a + b) (cx +dy) = (bc® - 2hed + ad ?).

17. The equatlon S= ax?+ 2hxy + by + ng + 2fy + ¢ = 0 represents a pair of straight lines = A = abc + 2fgh -
af? -bg? -ch? =0andh?> ab, g >ca, f* >bc.

ab—h? ' ab—h?
b) If the pair of lines ax® + 2hxy + by’ + 2gx + 2fy + ¢ = O intersect at (a , ) then

18. a) The point of intersection of the above pair of lines S = 0, when h? > abis ( ht —bg ~gh—af j

(a, p) satisfy the equationsaa +hf +g=0andga +bf +c=0.
19. The pair of lines ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0 intersect on x- axis, then g* = ac & 2fgh - af* -ch? =0
20 The pair of lines ax? + 2hxy + by® + 2gx + 2fy + ¢ = 0 intersect on y- axis, then f*> = bc and 2fgh - bg? - ch? = 0.

21. The angle between the pair of lines ax? + 2hxy + by? + 2gx + 2fy + c = 0 is same as the angle between the lines
ax? +2hxy + by? = 0.

22. If (a, ) be the point of intersection of the palr of lines ax + 2hxy + by? + 2gx + 2fy + ¢ = 0, then the equation to
the pair of angle bisectors willbe h[(x- a )? -(y- B)* 1=(a-b)[ (x-a )(y- B)]

23. The product of the perpendiculars from a point (& , £) to the pair of lines ax’ +2hxy + by? +2gx +2fy +c=0
. aa’ +2haf+bp* +2ga+2f6+c

J@a-b)? +4n?




24. If pis the distance of the point of intersection of ax® + 2hxy + by? + 2gx + 2fy + ¢ =0 from the origin,

0? = cla+b) —f?-g°
ab —h? '
25. The equation to the pair of lines parallel to the pair ax® + 2hxy + by? + 2gx + 2fy + ¢ = 0 and passing through
the origin is, ax® + 2hxy + by? = 0.
26. The pair of lines ax® + 2hxy + by = 0 and the lines ax® + 2hxy + by® +2gx + 2fy + ¢ =0 from
a) arhombusif (@a—b)fg+h(f> -g?)=0,a+b = 0 b) asquareif(a—b)fg+h(f’ -g?)=0,a+b=0
c) arectangleif (a—b)fg+h (f* -g?) # 0,a+b=0 d) aparallelogram if (a—b) fg+ h (f> -g°) # 0,a+b = 0

27. The equation ax® + 2hxy + by? + 2gx + 2fy + ¢ = 0 represents a pair of parallel

o ) , ~a_h g . o g’ —ac
linesifh® =abandbg® =af® or — = — = = . The distance between the parallel lines is 2 or2
2 h a(a+b)
f°—bc
b(a+Db) '

28. The equation to pair of lines joining the origin to the points of intersection of the line and Ix + my=nanda

curve Ax’? + 2Hxy + By? + 2Gx + 2Fy + ¢ = 0 is given by

2
Ax? + 2Hxy + By’ + (2Gx + 2Fy) (|X+myJ +c (I)(Jr_myj = 0.
n

n
29.Two of the lines given by ax® + bx’y + cxy? +dy® =0 are atright anglesif a(a+c)+d(d +b)=0.

30. The condition for two pairs of lines ax® + 2hxy + by’ =0 and a,x* + 2hx,y, +b,y?
= 0 may have one line in common is (ab, - alb)2 =4 (ah, -a h) (b,h-bh)).
31 Two of the lines represented by the equation ax* + bx®y + cx?y? +dxy® +ey* =0
will be perpendicular if (b + d) (ad + be) + (a—e)* (a+c+e) =0.
32.1f (x,, y,) is the midpoint of the intercept made by a line L between
a) the pair of lines S = ax® + 2hxy + by? = 0, then the equation to the line L is
S,=S,,ie axx, +h(xy, +x,y) + byy, =ax; + 2h,y, +by;
b) the pair of lines S = ax”® + 2hxy + by? + 2gx + 2fy + ¢ = 0, then the equation to the
lineLisS, =S, i.e., axx; +h(xy, +x,y) +byy, +g(x+x,)+fly+y,)+c
= ax’ +2hx,y, + by’ +2gx, +2fy, +c
c) If (x1, yl1) is the centroid of a triangle whose two sides are given by the pair of lines

s = 0, then the equation to the third side is S gsn.






